Van de r Poe l's me thod (Rh eol. Ac ta 1, 198 (1958)) for ca lc ulatin g the s hea r modu lu s of a par· ti c ulate co mposite agrees we ll with experim e ntal data, but its validit y has bee n qu es ti oned , and it wa s applicable only to co mpo sites in whi ch the matrix mate ria l is in co mpress ibl e. Th ese limitations a re removed in this paper in whic h an erro r in the origin a l derivation is corrected, a nd th e me thod ge ne ralize d to app ly to any matrix mat erial. Ca lc ulati ons using the co rrected theory s how that des pite th e e rror, a tabl e of s hea r mod ulu s va lu es publishe d wit h th e original th eory is s uffici e ntly correc t for most prac ti ca l purposes. Appli cability of th e ge ne ralized method to th e large c lass of co mpos ites having co mpress ibl e matri ces is di sc ussed. S hear moduli ca lc ul ated by th e correcte d a nd exte nd e d me th od are compared with corresponding va lues ca lc ulate d by othe r me thod s c urrentl y used.
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Consider an idealized composite material co nsisting of small spheres imbedded in a matrix. The spheres are of approximately the same size, are firmly attached to the matrix, and are uniformly distributed so that the composite material is macroscopically homogen eo us and isotropic. An important question then arises -that of calculating the two mechanical moduli c haracterizing this material in terms of the moduli c harac terizing the filler spheres and the matrix.
Several solution s have been give n to this problem. The best known ones are those of Hashin and Shtrik· man [1] ,1 Ke rner [2] , and Budiansky [3] . Hashin and Shtrikman's formulae, which provide upper and lowe r bounds for the sh ear and bulk moduli of the composite as a fun ction of filler content, are: for th e highest lower bound (HLB), In these formulae G repres e nts the shear modulus , K bulk modulus , and <P volume fraction, the su bscripts f and m refer to the fill er and matrix respectively. 
Kf-K", 3KlIl +4G",
for the lowest upper bound (LUB), 1 Figures in brackets in di cate the lit erature references at th e e nd of thi s paper.
(1)
Kerner's formulae , although derived by a different method , can be shown by algebraic manipulation to be the same as those for Hashin and Shtrikman's highest lower bound (1, 2) . (5) (6) (7) (8) Young's modulus E and Poisson's ratio v can be calculated from the well known expressions:
6(K+2G) 13=5(3K+4G)
9KC E= 3K+C
3K-2C v= 6K+2C· (9) (10) In van der Poel's solution [4] , for which excellent agreement with experimental data is claimed [4, 5] , the formula for K can be shown to be the same as eq (2), but the calculation for C is too complicated to be expressed conveniently in closed form. Van der Poel has treated the special case in which the matrix of the composite has a Poisson's ratio v = 0.5. The value of C is obtained by interpolation from a table of values he has provided. It would be useful to have a formula applicable when the matrix has any value for Poisson's ratio. This was the purpose of the present work. During its progress an error was discovered in van der Poel's solution. The corrected form is given along with details of the derivation.
Derivation
The derivation is based on a method developed by Frohlich and Sack [6] .
To simplify calculations consider a unit length chosen such that on the average there is one sphere of filler in each spherical volume 41T/3 of unit radius. If a is the radius of the filler sphere, then by definition of the unit radius, a 3 is equal to the volume fraction 'Pj of the filler.
Consider a large cube of homogeneous material with edges parallel to the axes of a cartesian coordinate system having its origin at the center. Consider also a second cube in which the region at the center has the following structure: A filler sphere of radius a is located at the origin. Surrounding this out to a radius unity is a sphere of matrix material which in turn is imbedded in the homogeneous material. The mechanical properties of this homogeneous material are assumed to be the same as the average macroscopic properties that are sought for the composite material considered here.
If the same boundary stresses are applied to each of the cubes, it is assumed that the displacements in the two cubes are the same at a distance r= R ~ 1 except for terms of a high order in l/r. In the second cube the influence of the structure within the radius r= 1 on the displacement at r= R is expected to be of the same order as the ratio of the two volumes, i.e., ~ I/R3. Thus it will be required that Displacement at r= R in second cube Displacement at r=R in first cube
Let the cube of homogeneous material (first cube) be subjected to the deviatoric stress system (12) where the (J"S represent tensile and the TS shear stresses. Assuming Hooke 's law, it is easily seen that this stress system gives rise to the following displacements ux, U y , U z within the material;
In spherical polar coordinates the components of stress and displacement are obtained by transformation as
where P2 (Cos 8 
In order to find the displacements in the c ube containing the special spherical structure at the center (second c ube), it is necessary to find appropriate solutions to Lame's equations expressed in spherical polar coordinates. These equations are tabulated by Love [7] . Because of symmetry of the stress system about the z axis, the displacements u,. and Ue are independent of the azimuthal angle 'P, and the displacement u'" = O. Lame's equations thus simplify to Lame's constant A is given by
(20)
The most general splution havin g the same P2
symmetry as the displacement system (15) 
In order that these equations be compatible , it is necessary that
or, afte r simplification
The value of a corres ponding to each root of eq (22) is found by s ubstitutin g into e q (21). Th e solutions for Ur and Ue thus become. 2 
U r= [Ar+Br -4 +Cr 3 + Dr-2 ]P 2(Cos e)
(23)
where where
Within the filler sphere r ~ a th e requirement that the displacement be zero at the origin necessitates that 
A must be regarded as an unknown constant as it involves the shear modulus G, the quantity which is to be calculated.
At the boundaries r = a and r = 1 the radial and tangential components of the displacem ent and the stress must be continuous. This gives rise to the following set of linear homogeneous equations in the unknowns Af, Cf, Am, Bm , Cm , Dill, A, B. and the stresses necessary for the solution are then calculated using
(28) where 2 F or a n incompressible ma terial (v = 0.5) va n cl ef Poel's solution agrees with the solution obtained he re, but wh en v' "" 0.5 th e ex pone nt s in th e terms hav in g coeffi cie nt s C and Din van def Poel's so lution are erroneollsly given as fun ction s of iJ. This error has previous ly been not ed by Ha , hin [9] .
In order that the solution be nontrivial the determinant of the coefficients must be set equal to zero. Solving the resulting equation will evaluate the shear modulus of the material G, which is the quantity desired.
After simplifications the determinantal equation becomes 3
2M
-2MlJjJ 
For Budiansky (5) <P= (8-10v )G+ (7-Sv)G cp [10] for th e viscosity of a suspension of rigid spheres in a fluid medium, and has bee n used to predict reinforce ment effects in rubbe r [11] . Under similar conditions the van der Poel formulae developed here (35), (39) and the formulae of Kerner, or Hashin and Shtrikman HLB , (1) and Budiansky (5, 6) reduce to eq (45). In fact the approximate formula (39) may be considered as a generalized form of eq (45) in which G f and Vm are specified in 1!ddition to Gm.
-In order to calculate G using the formula of Kerner, or Hashin and Shtrikman HLB, (1), it is necessary to know only one of the modu]j characterizing the filler material, i. e., C f . This is in contrast to Budiansky's formulae (5, 6) , where e]jmination of K leads to a ' relationship for C involving filler moduli G f and K f . Similarly for the corrected van der Poel computation (35), two filler moduli G f and Vf are required. The corrected van der Poel computation (35) and the formulae of Budiansky (5, 6) thus provide some indication of th e re lative effectiveness of the distortional (shear modulus) and dilatational (bulk modulus) properties of the filler in determining the shear modulus of the composite. To determine this relative effectiveness , co mputation s were made by the two methods and the results are prese nted in tables 1 and 2.
In table 1 values of CIGm calculated from Budiansky's formulae (5, 6) are given, corresponding to various values of filler Poisson's ratio Vf and the ratio GfIG"" for a matrix Poisson's ratio Vm = 0.5 . In the calculations the ratio of the shear or rigidity modulus of the filler to that of the matrix GflGIIi ranges in value from 10 to Table 2 presents similar results calculated using the corrected van der Poel formula (35). Here again the values of the relative modulus CIGm are seen to be insensitive to the value of the filler Poisson's ratio. Thus although the Budiansky and corrected van der Poel formulas make use of the value of filler Poisson's ratio in the calculations of CIG"" the values obtained are insensitive to it, and in this respect these formulas offer little advantage over the formula of Kerner, or Hashin and Shtrikman HLB, in which the value of filler Poisson's ratio is not needed. Table 3 The way in which results of the corrected van der Poel calculation compare with results calculated by the other methods considered here is illustrated in figures 1 and 2. In the example chosen for figure 1, Poisson's ratio of the matrix is Vm = 0.4 and the ratio of filler to matrix rigidity is GJIG", = 30. For those cases in which it is used, the value of Poisson's ratio of the filler is VJ= 0.25. The plots of relative shear modulus GIG", versus cp represent the expected shear properties of a series of particulate composites consisting of small glass spheres imbedded in a rigid epoxy matrix.
In the example depicted in figure 2 , Vm = 0.5 and GflGm = 70,000. When used , vf=0.25. The plots in this case represent the expected shear properties of a series of particulate composites consisting of small glass spheres imbedded in a lightly vulcanized matrix of natural rubber.
For the epoxy matrix composite, figure 1 , the pre· dictions of the van der Poel and Kerner, or Hashin and Shtrikman HLB, equations are about the same, but for the rubber matrix composite, figure 2, the predictions of these two formulas are much different. The Budiansky calculation predicts the highest values of GIG", for both examples.
From assumptions made in the derivation, one should only expect reliable predictions from the van der Poel calculation when the volume fraction of the filler cp is small. However, agreement of the theory with experimental results appears to be good even for large valyes of the volume fraction of filler. According to van der Poel [4], calculations for the case 100 1,000 10,000 100,000 Schwarzl [5] has studied the mechanical character· istics of composites consisting of N aCI crystals in a rubbery polyurethane matrix. He reports agreement for volume fractions of filler up to cp = 0.50 between his results and van der Poel's theory using the parameter values GJIG,,, = 10 4 , vJ= 0.25, and Vm = 0.50. The curve in figure 2 calculated from the corrected van der Poel equation provides a good fit to Schwarzl's data, and the other two curves do not fit.
When measurements were made at low temperature so that the polyurethane matrix was in the glassy state, Schwarzl obtained data that could be fit by van der Poel's theory using the parameter values G J IG m =8.4, vJ=0.25, and vm =0.5. The value of Vm = 0.5 was used because van der Poel's table had been calculated for this value only. The value of Vm that should have been used was probably close to Vm = 0.4. This suggests that values of GIGm calculated by the van der Poel method are not sensitive to the value of the matrix Poisson's ratio V m , so calculations were made to check this.
In table 4 although Schwarz] was able to fit hi s low te m pe rature data usin g van der Pod's table, th e corrected and extended van der Poel equation (35) would be needed to fit data for a system in whi c h Cf/CIII ~ 30, VIII = 0.4 such as glass spheres imbedde d in a rigid e poxy matrix.
